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Abstract

In this paper, we show how visual programming can be
used to teach binary tree algorithms. In our approach, the
student implements a binary tree algorithm by manipulating
abstract tree fragments (not necessarily just single nodes)
in a visual way. This work contributes to visual program-
ming research by combining elements of animation, pro-
gramming, and proof to produce an educational visual pro-
gramming tool. In addition, we describe our experiences
with Opsis, a system we built to demonstrate the ideas in
this paper. (Opsisis a Java applet and can be accessed at
http.://www.cs.washington.edu/homes/amir/Opsis.html.) Fi-
nally, we makethe claimthat visual programmingisanideal
way to teach data structure algorithms.

1 Introduction

The idea of using computers to teach algorithms is not
new; computer animations are used to illustrate many al-
gorithms. Although one might gain insight from watching
an algorithm animation, it is often the case, aswith any pass-
iveactivity, that important detailsare glossed over or missed
altogether. Indeed, the student may not really understand
the algorithm but merely have a pretense of having done
so. Empirical evidence suggests that students learn better
through active rather than passive activities.[9]

A more active method is to have the student implement
the algorithm in some textual programming language. In
this way, the student must understand the details of the al-
gorithm in order to implement it correctly. However, al-
though the student may now understand how the algorithm
works, this does not mean the student understands why it
works. Moreover, the student often has to go through the
drudgery of low-level details, such as pointer manipulation,
that are not crucial to understanding the algorithm. Worse
yet, the algorithm may naturally require the formulation of
mental pictures not readily expressible in code — the stu-

dent must constantly translate back and forth between the
mental pictures and textual code.

Another possibility isto have the student present a proof
of correctnessfor the algorithm. Thisis often done by com-
ing up with various loop invariants and then proving them
correct by induction. Now the student has to really think
about why the algorithmworks. Thelow-level details of the
implementation need not be considered anymore. One prob-
lemwith thisapproachisthat the program may bequitelarge
and complicated, thus making a rigorous correctness proof
laborious and error-prone. Another problem is that the stu-
dent may not beableto easily experiment with conceptsasis
possiblewith programming onacomputer. Furthermore, the
student does not gain the sati sfaction of seeing the algorithm
execute after having implemented it.

In this paper, we show that through visual programming,
one can combine various elements of animation, program-
ming, and proof so as to teach binary tree algorithmsin a
more effective manner. In our approach, the student imple-
ments a binary tree algorithm by manipulating abstract tree
fragments(not necessarily just single nodes) inavisual way.
In so doing, the student not only programsthe algorithm but
also proves some of its properties and can animate it on ex-
amplesif desired.

The remainder of the paper is organized asfollows: Sec-
tion 2 surveys previous work done on related subjects; Sec-
tion 3 presentsthe visual programming model; Sections4, 5,
and 6 describe visual binary tree depiction, navigation, and
mani pulation, respectively; Section 7 discusses the correct-
ness of the visual binary tree programs; Section 8 describes
our current implementation; Section 9 presents preliminary
user testing with our system; and Section 10 providesa sum-
mary and future research directions.

2 Past Work

Many of the elements of our approach have been con-
sidered in earlier research, but not al at the same time, and
not within the context of an educational visual programming



tool. Moreover, we believe our approach is enhanced from
the synergy of many disparateideas encountered throughout
the literature.

Much work has been donein algorithm animation. Asan
example, the Zeus [1] system animates many fundamental
algorithmsand does so in several ways. However, aswe are
interested in abstract representations of trees (i.e, depicting
aclass of trees, not just one), we draw upon more abstract
tree diagrams found in many algorithms and data structures
texts (such as[10, 4]).

Many visual programming systems have been designed
for beginning programmers or application end-users. In the
former group, we find systems like Glinert's PICT [7], in
which a programmer uses icons and flowcharts to program
simple arithmetic computations. In the latter group, we find
systems like Modugno’s Pursuit [11], which alows end-
users to visually program simple shell scripts by example.
However, in both groups, the systems are not designed to
teach algorithms, nor do they allow easy construction of
complicated algorithms (such as AVL tree insertions or de-
letions).

Some visual programming systems have been designed
with more advanced programmers in mind. For example,
Christensen’s AMBIT/G [2] and AMBIT/L [3] languages
have been used to manipulate directed graphs and lists,
respectively. However, these languages are essentially a
visual version of Snobol with static pictures to indicate the
pattern matching rules; the resultant programs can be diffi-
cult to read and manipulate. Our approach is more dynamic,
similar in style to the data structure programming system
Think Pad [13], but easier to use and more abstract.

As we are also interested in visualy proving various
properties of the binary tree algorithms, we borrow some
concepts (primarily loop invariants) from the area of pro-
gramming methodol ogy (i.e., formal methods). Indeed, this
work isinspired by research into how one can implement an
algorithmand proveit correct at the sametime.[8] However,
such efforts make use of complicated first-order logic ex-
pressions and are not necessarily suited — asis — for the
task of teaching algorithms.

3 Visual Programming Model

We use a state-based model for representing a program.
A user specifiestransitions from one state to another by ma-
nipulating abstract objectsin avisual manner. Theideaisto
specify the algorithmin full generality — and not just on a
specific example. For this reason, our approach is not pro-
gramming by example[14, 12, 6] but is similar to program-
ming by abstract demonstration [5].

3.1 State Types

For our computation model, we use an abstract state,
which is an abstract visual diagram that represents a set of
concrete states (e.g., a set of binary trees). Two abstract
states are identical if and only if their respective abstract
visual diagramsmatch exactly. Itispossiblefor two abstract
states to have different diagrams but still represent the same
set of concrete states.

For example, an abstract state may represent all binary
search trees with a node containing a certain key K. Such
an abstract state isshown visually in Figure 1, (4¢). Another
abstract state, different from Figure 1, (4c), but that repres-
ents the same binary search treesis shownin Figure 2, (4).)

In the remainder of the paper, we shall use the word
“state” whenever we mean “abstract state”.

3.2 State Graph

Specifically, we model a user-defined function as a state
graph, which is a directed graph whose nodes represent
states and whose directed edges represent operations to
transform one state to some other(s). Computation starts at
theinitial state and ends at one of the final states. The ini-
tial state specifies the parameters passed in to the function,
while each final state specifies a possible return value for
that function. In the state graph, the initia state has no in-
coming edges and the final states have no outgoing edges.
(InFigurel, theinitial stateis (1) andthefinal statesare(3b)
and (4c).)

(In Figures 1, 2, and 3, the operation shown (textually)
below each tree diagram is invoked on the selected frag-
ments in that diagram. Selected fragments are indicated by
dashed lines.)

3.3 Sequencing, Iteration, and Condition-
als

The state-based model subsumes sequencing, iteration,
and conditionals— no additional control flow constructsare
required. Sequencing is accomplished though simple trans-
itions from one state to another. Iteration is done by creat-
ing cyclesin the state graph. Conditionals are done through
operations which result in two or more states. (In Figure 1,
sequencing occurs from (4b) to (2), iteration occursin (2),
(3d), (4a), (2), and a conditional occursfrom (2) to (3a) and
(3b). Observethat theloop endswhen the subtree being ex-
panded in (2) is empty.)

4 Visual Binary Tree Abstractions

In this paper, we describe a visual formalism for imple-

menting dictionary “search”, “insert”, and “delete” opera-
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Figure 1. Visual code for binary tree search.

tions via binary search tree algorithms. This will be done
by manipulating nodes and fragmentsin avisual way.

4.1 Fragments and Subtrees

Before we proceed, we need to introduce the notion of a
fragment: afragment is a (possibly empty) connected sub-
graph of abinary tree. A fragment issimilar to a subtreein
that it consists of aroot node and descendents of that node.
Unlike a subtree, a fragment need not include all descend-
ents of itsroot.

4.2 Visual Depiction of Nodes and Frag-
ments

Visually, we useacircleto represent anodeand atriangle
to depict a (possibly empty) tree fragment. Nodes and frag-
ments may also be shaded light gray or dark gray. Those
shaded light gray have keyslessthan acertain key K; those
shaded dark have keys greater than K. (See Figure 1, (4a).)

A fragment may also be shaded light on the left and dark
gray on the right, thus indicating that it may have some
nodes with keys less than K and some nodes with keys
greater than K but that it doesn’t have a node with key K.
(For example, see Figure 1, (3b).) The vertical boundary
between the light and dark halves of a fragment indicates a
path of nodes, (1, x2, . .., x;), such that:

1. thekey at each z; isnot K'; and

2. z; istheleft (resp. right) child of itsparent z; ; if and
only if K isless(greater) thanthekey at x; ;.
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Figure 2. Visual code for binary tree insertion.

(In Figure 5, we show: (1) an abstract tree diagram with
the upper fragment consisting of light and dark halves; (2)
a sample binary tree from the class of trees represented by
the abstract tree diagram. In this case, the nodes represen-
ted by the vertical boundary (separating the light and dark
halves) havekeys: ‘X', ‘K’,and‘S'.)

A nodelabeled K indicates that the node has the desired
key K, while afragment labeled K indicates that the (non-
empty) fragment has anodein it which haskey K. (In Fig-
urel, (4c), anodewith key K isexplicitly showninthetree.
InFigure 2, (4), wejust know that some nodein thetree has
key K.)

5 Visual Binary Tree Navigation

The user can navigate around a binary tree by changing
theview tothat tree. We believethisapproachisflexibleand
more natural than using pointer variables (asisdonein tex-
tual programming languages). There are three main opera-
tionsfor changingviews: expand, collapse, and insert empty
fragment.

5.1 Expand

The expand operation allows one to see an additional
nodein abinary tree fragment if one exists, or to otherwise
determine that the fragment is empty. (In Figure 1, (2), we
use the expand operation to show the root node of the selec-
ted subtree if the subtree is non-empty (asin state (3a)), or
to indicate that the subtree is empty (asin state (3b)).)

If the fragment being expanded is non-empty, then the
particular node that will be shown depends on whether the
fragmentisasubtreeor not. If thefragmentisasubtree, then
thefragment expandsinto anode(i.e., theroot) connected to
its left and right subtrees. (Thisiswhat happened in Figure
1, (3a).)
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Figure 3. Visual code for binary tree deletion.

If the fragment is not a subtree (because some other
node/fragment appearsbelow it), then the fragment expands
by showing the parent of the node/fragment just below it.
Asthat parent may have the node/subtree asits left or right
child, wehavetwo cases. (InFigurel, (4c), thetop fragment
would expand by revealing the parent of the node labeled
K.) This latter type of expand is useful for moving up in
atree, as one might do to maintain a balanced binary tree
structure.

5.2 Collapse

The collapse operation alows one to combine several
fragmentsinto one fragment. Thefragmentsto be combined
must be adjacent to each other in the tree.

(For example, in Figure 1, (4a), we use collapse to com-
bine three tree fragmentsinto one, thusyielding state (2).)

Of coursg, it is possiblefor the fragmentsto be collapsed
to have different properties. Whether the resultant fragment
inherits a property from one of its constituent fragments de-
pends on the type of the property and on whether the other
fragments have that property:*

1. If the property is digunctive, then if any of the frag-
ments have it, then the resulting fragment will have it.
(For example, in Figure 2, (2a), the resultant fragment,
(4), inherits the property that “it contains a node with
key K" because that property is digunctive.)

2. If the property is conjunctive, then all fragments must
have it for the resulting fragment to have it. (For ex-
ample, in Figure 2, (2a), any property signifying nodes
with keys less than or greater than K are not pre-
served in (4) because such properties are conjunctive.
However, in Figure 3, (6a), the fragments to be col-
lapsed all have the property that “al nodes have keys
greater than K™, so the resultant fragment, in (5), re-
tains this property.)

5.3 Insert Empty Fragment

Theinsert empty fragment operation allows one to insert
an (initially) empty fragment anywhere in the abstract bin-
ary tree. In doing so, we obtain a new state that represents a
larger classof binary trees (but that includesall thoserepres-
ented earlier). Inserting empty fragmentsin thisway alows
usto create loop invariants, which we use to form loops.

Whenever weinsert afragment, it isinitially empty. This
means we can make the new fragment have any property we
desire— aslong asthat property doesn’timply the existence
of at least one node. (For example, in Figure 1, (1), (2), we

1Similar rules can be formulated for “expand”, but we shall not do so
here.



add an empty fragment with the property that “no node have
key K".)

5.4 An Example

We have now described various waysto navigate around
abinary tree. These conceptsare sufficient to understand the
binary tree search algorithm shown in Figure 1.

Initially, we prepare to search for the key K in the tree
by adding an initially empty fragment above the currently
selected subtree (in state (1)). This new fragment does not
have any nodes with key K (so half of the fragment is
colored light gray while the other half is colored dark gray).
Upon adding the empty fragment, we obtain the theloop in-
variant for the search (shown in state (2)).

At this point, we wish to determine whether there is a
nodewith key K in the selected subtree (in state (2)). So, we
expand the subtree, and depending on whether the subtreeis
empty or not, we obtain state (3b) or state (3a), respectively.
If the subtree is empty, then we have shown that no nodein
the binary tree haskey K.

If the subtreeis not empty, then we have revealed its root
node. We now compare this node’s key with K. The com-
parison yields one of three states (4a), (4b), (4c) depending
on whether the node’s key was greater than, less than, or
equal to K, respectively.

If the node’s key is equal to K, then we have found the
node and we are done. Otherwise, we are in state (4a) or
(4b). At this point, thereis till a subtree which might con-
tain anodewith key K. So, we collapse the other fragments
(whichwe know do not contain K') to obtain theloop invari-
antinstate (2). Inthisway, we haveformed aloop by match-
ing the loop invariant.

In Figures 4 and 5, we show the execution trace of this
algorithmon asamplebinary tree. (Thistrace wasgenerated
by the Opsis system, which we describe in Section 8.)

6 Visual Binary Tree Manipulation

None of the operations of Section 5 actually change the
binary treein any way. In this section, we present two oper-
ations that do make changes.

6.1 Insert Node

The operationinsert is used to put anew nodein abinary
tree. The insert operation changes the structure of the tree,
so if the user is working with a binary search tree, it may
be that the insertion destroys the key ordering property of
thetree. To avoid this problem, insertions are only allowed
if the user has established that the point of insertion isin-
deed theright location for thekey K. (In Figure 2, (2b), the
user has established through assertions about keysin thetree

(@

(b)

(©)

(d)

Figure 4. Thefirst four stepsin an execution trace of bin-
ary tree search. Wearelooking for anodewithan‘M’ inthe
example tree. In part (a), the system is about to add an ini-
tially empty fragment above the selected subtree. (Selected
fragments are shown with ashadow.) In part (b), the system
is about to expand the selected subtree. In part (), the sys-
tem is about to compare the key of the selected node with
‘M’. In part (d), we see that the node has a key greater than
‘M’, sothe systemisabout to coll apse the node, itsright sub-
tree, and the top fragment into a single fragment. In doing
so, we will return to the loop invariant state shown in part
(b). The algorithm continues in asimilar manner. The final
step isshown in Figure 5.



Figure 5. The final state reached in the bin-
ary tree search example. (The first four steps
of this example are shown in Figure 4.) In
the diagram above, the system has found the
node with key ‘M’ and has marked it with very
dark shading.
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Figure 6. The binary tree search algorithm developed in
the Opsis system. Editing occurs on the current state which
dominates much of the display. On the right, a sequence of
states show ahistory of the computation that leadsto the cur-
rent state. Observethearrow inthe state history list: thisar-
row indicates that the operation on the state at itstail of the
arrow yieldsthe state at its head (thusindicating aloop). At
the bottom, the fina states of the computations are shown
(i.e., these are states at which the computation terminates).

(shown aslight and dark shades) that the insertion point lies
on the search path and does not violate the ordering prop-

erty.)
6.2 Remove Node

The operation remove is used to take out a node from a
binary tree. If the node to be deleted has at most one child,
then the remove operation on that node is sufficient. Ob-
serve that taking out a leaf or node with one child cannot
destroy the key ordering property of abinary searchtree. (In
Figure 3, the remove operation is illustrated in states (3b)
and (4b).)

If the node to be removed hastwo children, then the user
must activate the remove operation on that node and also
on its inorder predecessor (or resp. successor) node. In
this case, the operation moves the node information from
theinorder predecessor (successor) to the node and removes
the inorder predecessor (successor), which has at most one
child, fromthetree. (Asan example of such acase, see Fig-
ure 3, (6b).)

6.3 Other Operations

One can add other operations as required that manipulate
abinary tree. For example, for implementing balanced bin-
ary search trees, we provide “rotate left” and “rotate right”
operations. Generally speaking, one should provide oper-
ations that are high-level but that do not trivialize the al-
gorithm being taught. Moreover, we provide only opera-
tions that maintain the key ordering property of the binary
search tree; otherwise, we feel that the operation istoo low-
level and error prone.

6.4 More Examples

We consider the binary tree insertion and deletion al-
gorithmsin Figures 2, and 3, respectively.

In the binary tree insertion visual code, we invoke the
search operation (defined in Figure 1) on the subtree. This
yields two cases. either a node with key K is found (state
(24)) or no such node exists in the tree (state (2b)). If we
found anode with key K, we simply collapse the fragments
in the tree (to yield state (4)). If not, we must insert a node
with key K. However, in state (2b), we have a subtree with
avertical boundary that separates nodes with keysless than
K and nodeswith keysgreater than K. Thus, wecansimply
insert the new node since the insertion point lies on the bin-
ary tree search path and will not violate the ordering prop-
erty. Finally, we collapse the resulting fragments to yield
state (4).

In the binary tree deletion visual code, we invoke the
search operation on the subtree. If no node haskey K, then



we are done (as in state (2b)). Otherwise, we have a state
with the node with key K explicitly shown (asin (2a)). At
thispoint, we check if the nodewith key K haslessthantwo
children. If so, then a simple “remove” operation suffices.
(We check for aleft child in states (2a), (3b), and for aright
child in states (3a), (4b).) If the node with key K has two
children, then we find its inorder successor so that we can
delete the node with the more complex form of the opera-
tion “remove”. We start the search for the inorder successor
by adding an initially empty fragment abovethe node’sright
child so that the right child is on the leftmost path in that
fragment (as shown in states (4a), (5)). Now, using a com-
bination of “expand” and “collapse”, we descend left along
the nodes until we reach the inorder successor (as is done
with the loop in states (5), (6a) which eventually terminates
toyield (6b)). Next, we invoke the “remove”’ operation on
thenodewith key K anditsinorder successor to performthe
deletion (asis donein states (6b), (9), (2b)).

7 Correctness

The visual programs presented in Figures 1, 2, and 3 are
close to aso being correctness proofs.

For example, consider the binary tree search programin
Figure 1. State (2) at the head of loop (2), (3d), (4a/b), (2)
isavisual loop invariant. The proof that this loop invari-
ant holds is also shown visualy: in the first iteration, the
loop invariant holds vacuoudly because the fragment inser-
ted isempty; in subsequent iterations, the sequence(2), (3a),
(4alb), (2) preservesthe loop invariant (aslong as no match
ismade yet). Thus, theloop invariant in state (2) is proved
by induction in avisual way.

From the visual program, we know that if the program
terminates, then it will either find the node with key K or
assert that no such node exists. However, the program does
not show that the algorithm terminates or how long it takes
if it does.

Generally speaking, our visual formalism allowsthe user
to prove certain structural properties about the tree structure
and also ensuresthat the key ordering of binary search trees
is maintained. However, for complicated algorithms, one
may need to prove other properties that are not readily en-
codedin thetree diagrams. In this case, we recommend that
either the student simply not prove such properties, or that
he annotate the tree diagrams with English text to fill in the
details of the proof.

8 Implementation

We have been working on a system named Opsis, which
implements the model and domain described in Section
3. (The word “opsis’ is Greek for the visual image of

an object.) Opsisis a Java applet and can be accessed at
http://www.cs.washington.edu/homes/amir/Opsis.html.
A snapshot of the system is shown in Figure 6.

8.1 User-Interaction

A user defines a function by starting out with the initial
state and by repeatedly invoking operations on one of thefi-
nal states at that point. (For convenience, the user is always
presented with a history of the computation and alist of al
final states at every step of the process; see Figure 6.) This
process continues until the only remaining final statesin the
program represent valid return values of the function being
defined.

In particular, auser createsastate graph by concentrating
on one state at atime. The user selects by mouse some tree
fragment(s) in the current state and invokes an operation on
that selection. Invoking an operation causes the creation of
transitions from the current state to one or more other res-
ultant states. One of these resultant states (chosen arbitrar-
ily if there is more than one) replaces the current state on
the screen. Thus, creating a programis akin to designing an
“ abstract animation” for the algorithm. Also, if any of the
resultant states match one already in the program, then the
current state is linked to the one already present; otherwise
new states are created as required.

8.2 Mirror Mode

In many balanced binary tree algorithms, such as with
AV L trees, oneoften hasto deal with large computationsthat
are simply mirror images of one other. To reduce the pro-
gramming effort for such computations, the student can go
into “mirror mode” in which every state added to the com-
putation graph also |eads to addition of its mirror image.

8.3 Annotations

Opsis allows the student to annotate various fragments
in the tree diagrams with text. This can be useful in two
ways: (1) to fill in additional details of a proof of correct-
ness that are missed by the visual representation; and (2) to
prevent fal se matches of states that should be treated differ-
ently (because the visual formalismis insufficient to distin-
guish them). Annotations represent properties and thus can
be diunctive or conjunctive as explained in Section 5.2.

In addition, the system also allowsthe user to add inform-
ationto nodesinthetrees. Thiscan beuseful for AVL or red
black tree algorithms where additional information must be
maintained at each node.



9 User Testing

We did some preliminary user testing with four stu-
dents in a third year data structures class at the University
of Washington. Each student was shown a few examples
on the system and was then asked to work out the binary
search tree deletion algorithm. Afterwards, the student was
given a questionnaire to fill out. Here are some typical re-
sponses/impressons from the students:

e Although students did not think this system is a re-
placement for textual programming assignments in a
datastructures course, they did believeit improved un-
derstanding over algorithm animations.

e Similarly, studentsbelievedthissystem can beuseful in
enhancing written textual proofsby showing key steps
in an (abstract) visual manner.

e Several students suggested that the system would be
useful in the classroom where the professor could go
step-by-step and even retrace, while explaining awrit-
ten algorithm.

e Studentsfound a non-trivial learning curve at first, but
once the concepts were understood, they became very
interested in exploring the system further.

We found the user testing to be very useful in making the
system more intuitive and understandable. For example,
many students were confused about the idea of adding
empty fragments to the tree. However, when told that this
is done to create an induction hypothesis for aloop invari-
ant, they then understood the concept more readily.

10 Conclusion

Inthispaper, we have proposed anew way to teach binary
tree algorithms through visual programming. We believe
that this approach better allows a student to implement an
algorithm while concentrating on why it works rather than
on low-level implementation details. Moreover, our visual
approach not only yields a program but also a proof of some
properties maintained or that result from the computation.

Finally, we believevisual programmingisnot only avery
good way to teach binary tree algorithms (and more gener-
ally, datastructures), but also agood way to teach algorithms
in other fields. It would be interesting to explore such pos-
sibilities further.
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